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1. Introduction. 

Phages can control phytoplankton and bacterial blooms in the ocean

https://www.eurekalert.org/multimedia/pub/34930.php?from=191663

Suttle CA. 2007. Nature reviews

Weitz et al., 2015. The ISME journal. 

Siekmann et al., 2008, MBE 

Phages are the most abundant biological entity on Earth (1031 phages)

Phages are bacterial viruses



Life cycle (lytic) of the phage



The possibility of control of pathogenic bacteria by phages:

1. Natural control in the environment

2. Phage therapy (in medicine and agriculture)



Mathematical modelling of bacteria-phage interactions 

Seminal  paper of Campbell (1961) and some others.

Campbell, A. Conditions for the existence of bacteriophage. Evolution 15, 

153–165 (1961).



Mathematical modelling of bacteria-phage interactions 

Recent review by Krysiak-Baltyn et al. (2016)

Currently hundreds of published theoretical studies on modelling 

bacteria-phage interactions are available.

Recent (relatively recent) fundamental empirical findings has not 

been properly addressed in the modelling literature yet. 



Condition-dependent lysogeny

Phase Variation in bacteria

CRISPR-cas systems



2. Condition (temperature)-dependent lysogeny
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Temperature-dependent lysogeny



Two main types of phage infections: lytic and lysogenic 



Melioidosis (infectious disease) caused by bacteira Burkholderia

Pseudomallei kills about 45% of infected humans across the World

(Buisson,2015, Springer)

This disease may cause ~90,000 deaths a year 

(Limmathurotsakul et al. 2016 Nat Microbiol)

Case study: natural control of Melioidosis



It is a significant problem for agriculture, sports, tourism, 
especially in South Asia 

Acquisition of the melioidosis shows a well pronounced 

seasonal pattern

Endemic areas of melioidosis across the world  

Melioidosis: few key facts



Schematic representation of the model
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Model 1 (variable replication time)

Egilmez et al., 2017 Scientific Reports



Model 2 (fixed replication time)
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τ is the replication time of phage



Experimental estimating of model parameters

Bacterial 

growth rate

Switching 

between cycles

Measuring adoption     

rate of phages
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Temperature variations: historic data (Thailand)

Annual  variation (2013-2016) Daily variation (April 1st 2016)



Meaning Unit Range Default 

value

𝜶𝐦𝐚𝐱 Maximum growth rate of bacteria day−1 19 − 27 23

𝑪 Carrying capacity of bacteria ml−1 2 × 106 2 × 106

K Phage adsorption rate ml/day 10−7

𝑲𝑺 Effective per bacteria contact rate ml/day − 𝜖 𝐾𝑃

𝝐 Adsorption efficiency − − 0.3

𝝀𝟏𝐦𝐚𝐱
Maximum lysogenic process rate day−1 19.1 − 27.2 23

𝝀𝟐 Constant lysis rate day−1 20 20

𝒃 Virus replication factor − 158 ± 54 100

𝑻𝟎 Optimum temperature for 

growth and lysis

℃ 35.6 − 50.6 38.2

𝑻𝟏 Transition temperature ℃ 34.8 34.8

𝝈 Growth rate constant ℃ 6.7 − 17.4 9.1

𝒖 Ultraviolet index − 8 − 12 −

𝝁𝒄 Constant mortality rate with UV day−1 − 0.1

𝒏 Transition width − 53.7 − 56.3 55



Model simulations (Model 1, Nakhon, Thailand)

Phage density Bacterial density

Daily variation of
bacterial density



Role of enrichment of the environment (Model 1, Nakhon)

𝐶 = 2 × 106 cell/ml 𝐶 = 8 × 106 cell/ml

𝐶 is the carrying capacity

of the environment 

𝐶 = 1 × 108 cell/ml



Days in the year 

2-day periodic oscillations of  bacterial numbers, 𝐶 = 8 × 106

73 74 75 76 76



Bifurcation portraits of the system

I- extinction of phages; 

II – daily periodic oscillations in summer;

III- larger period oscillations in summer;

IV –irregular large-amplitude oscillations in summer 



Monthly variations of the case of melioidosis in Thailand

(Bhengsri et al., 2011)



Modelling bacteria-phage interaction in soil 

(i) Non-homogeneous vertical distribution of the carrying capacity;

(ii) Non-homogeneous vertical distribution of the temperature   

(i) (ii) 

Bacterial distribution 
in the soil



Modelling daily variation of the temperature in soil



Model equations (variable replication time of phage)

Egilmez, Morozov, Galyov, 2021, Scientific Reports



Vertical distribution of susceptible bacteria S and the Phage P



Seasonal variation of the integral amount of susceptible bacteria in 

the top soil

Egilmez, Morozov, Galyov, 2021, Scientific Reports



Enrichment of the environment 

Egilmez, Morozov, Galyov, 2021, Scientific Reports



Conclusions (1)

1. Including temperature-dependent lysogeny produces a seasonal pattern of 

variation of numbers of B. Pseudomallei (this behaviour was observed in 

endemic regions of Thailand)

2. Enrichment of the environment generally results in high large amplitude 

oscillations of B. Pseudomallei numbers which would cause a high disease 

acquisition.

3. Taking into account non-homogeneous distribution of bacteria and phages in 

soil predicts the emergence of two maxima of distribution of phage free bacteria: 

one new the surface and the other at some depth (approx. 30 cm)

4. Similar mechanism of bacteria control by temperature-dependent phages can 

be applied to other pathoges (e.g. cholera)



Seasonal epidemics of cholera inversely correlate with the prevalence 
of environmental cholera phages (Faruque et al., PNAS, 2005)



3. Phase Variation in bacteria

Simran Sandhu Prof Chris Bayliss Dr Chris Turkington



Phase variation (PV) can change the expression states of surface molecules 
and alter interactions with external factors. 

Simple Sequence Repeats (SSR) tracts are a major mechanism of PV due to a 
high frequency of variations in repeat number that are thought to occur 
during DNA replication as a result of slipped-strand mispairing



Searching for the Herd Immunity Against 

Bacteriophage Invasion

Case study: Haemophilus influenzae

Turkington, Morozov, Clokie and Bayliss, 2019, Frontiers in Microbiology



Graphic representation of the oscillating prey experiment

Turkington, Morozov, Clokie and Bayliss, 2019, Frontiers in Microbiology



Oscillating prey assay for phage HP1c1 infections of H. influenzae strain 
Rd populations 



nT < t < T n + T0,

Model equations



Application of mathematical modelling



The impact of sub-population phage resistance/sensitivity 
composition and dilution rate on phage extinction events



Varying dilution coefficients 



Conclusions (2a)

1. Phase-variable hypermutable loci produce bacterial “herd immunity” 
with resistant intermediary-populations acting as a barricade to reduce 
the viral load faced by phage-susceptible sub-populations.

2. Using empirical approaches and mathematical modelling one can 
estimate the critical proportion of the resistant population of bacteria.



Case Study: infection of poultry meat by Campylobacter jejuni

• Campylobacter jejuni can cause serious 
gastroenteritis in humans triggering 
pathological autoimmune responses.

• Contaminated chicken meat is a source of C. 
jejuni infections for humans and is responsible 
for a large health and economic burden 
worldwide (> 500,000 cases of gastroenteritis 
every year in the UK).

• C. jejuni can undergo mutations via the Phase 
Variation (PV) potentially switching them from 

phase susceptible to phage resistant.



Phage therapy is a promising technique for eradicating C. jejuni from 

chicken carcasses and poultry flocks. 

However, bacterial resistance can develop rapidly via Phase 

Variation!



Modelling Phase Variation in bacteria



• Evolvable switching by changes in repeat number allows for shifts in the 

mutation rate of each switch direction of a phase-variable locus.

• C. jejuni strains contain 12-29 genes with G or C tracts of lengths G7 - G13.

• High mutation rates of the tract lengths are mediated by insertions and deletions 

in the poly G / poly C repeat tracts producing ON and OFF switches in the 

repeat-containing gene.

(ON)

(ON)

(OFF)
(OFF)

(OFF)
(OFF)

(OFF)

𝛼

𝛾





The Pairwise Invasibility Plot (PIP) for mutation rates



Dependence of ESS of mutation rate on the selection parameter σ



• The evolvable switching scenario explores two phase-variable loci each 
with seven possible poly G/C repeat numbers.

• Here only the ON-OFF state is susceptible to phage infection, mimicking 
the real-world situation.

• We then consider three different possible cases of counter-selection (σ). 

Evolvable Switching : Two Genes PV

The red states are phage-susceptible and blue states are phage-resistant 

The boxes indicate states subject to high (solid line) or medium (dashed line) 
levels of growth reducing counter-selection



• Case 1 - limited evolution of the mutation rate and very rapid 
approach to an ESS with stable maintenance of phage.

• Cases 2 & 3 - no phage persistence and mutation rates evolve 
below the basal rates fixing the bacteria into the ON-ON state, the 
state with the lowest level of selection.

• ESS for case 1 is close to experimental values, indicating this 
model is a good mimic of the biological situation for C. jejuni.



Conclusions (2b)

1. Introducing both selective pressures generally results in the existence of an ESS 
with the trade-off between the two opposing selection pressures ensuring 
maintenance of phage.

2. We have mimicked experimental switching rates of C. jejuni via a computational 
model with PV in two loci and counter-selection acting only on the phage 
resistant states.

3. Modelling other realistic scenarios of counter-selection suggests an alternate 
situation where another phage will be needed to infect C. jejuni when both genes 
are in the ON state.



3. Modelling CRISPR-cas systems: searching for fat tails

Dr David Paez-Espino Dr Ilya Belalov Prof  Yekaterina

Pavlova



from Barrangou and Marraffini, 2016

CRISPR: clustered regularly interspaced short palindromic repeats



Pavlova, Paez-Espino, Morozov, Belalov. PLoS Computational Biology, 2021

Statistical distribution of spacers: data analysis

)𝑠𝑝𝑎𝑐𝑒𝑟 𝑛𝑢𝑚𝑏𝑒𝑟 ∝ 𝑖−𝛼ex p( − 𝜆 𝑖



Geographic location of ecosystems with CRISPR-cas



Modelling CRIPSR-cas systems: flowchart of the model



Modelling CRIPSR-cas systems: flowchart of the model



𝐹 𝑡 + 1 = 𝐹 𝑡 𝑨(1)𝑨(2)

Model equations

F(t)=(F1(t),F2(t),F3(t), …, Fn(t))



The elements of the matrix are given by 



Example of the distribution of spacers predicted by the model 

Pavlova, Paez-Espino, Morozov, Belalov. PLoS Computational Biology, 2021



The mechanism of emergence of fat tails: 

𝑞𝑖 =
𝑖 − 1

𝑁

𝜐𝑖 =
𝑁 + 1 − 𝑖

𝑁

Probability to have the right spacer

Bacterial growth rate

(i) The `rich-get-richer' principle (more spacers means higher diversity)

(ii) Reduction of the growth rate for large number of spacers.

N- the maximal number of spacers



Distribution of spacers predicted by the model 

for constant parameters 



Conclusions (3)

1. Existence of fat tails-like behaviour in the CRISPR-cas systems has been  

demonstrated

2. The emergence of fat tails requires the combination of  the `rich-get-

richer' principle and the reduction of the growth rate for large number of 

spacers.

3. Hypothesis: all-resistant super microbe should be very rare in nature: this 

would be because of high metabolic costs of replication of microbial cells 

with long CRISPR arrays should reduce the growth rate of such microbes.



Perspectives

1. The ongoing global climate change would play a major role in bacteria-

phage interaction and bacterial control by the phage in natural/agricultural 

environment (e.g. via temperature-dependent lysogeny).

2. Including the possibility of the Phase Variation (fast immune evasion) of 

bacteria can radically affect our concept of phage therapy (using various 

phages, optimising the timing of treatment, etc).

3. Although revealing CRISPR-cas systems was a fundamental biological 

discovery, still its role in population dynamics in microbial communities is 

largely understood with only few theoretical studies available. 

4. The role of bottlenecks (i.e. natural or artificial catastrophic events largely 

reducing the population size) in controlling pathogenic microbes is still 

poorly understood.  
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