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So, key issues

• Transient dynamics

• Non-autonomous systems

• (Realistic) approaches to stochasticity



Transient dynamics of ecological 
systems key for management
• Time scales of social systems

• Time scales of ecological systems – hard to change

• Time scales for decision makers 
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Lotka-Volterra
– simple 
oscillations

Prey

Predator



Even simple lab systems are different 
(but see Blasius et al, Nature 2019)



Time scales –longer time scale on 
right-so oscillations are a transient

Lotka



Epidemiology



Solid line is model output from a 
simple SIR model. 
Solid small dots are data – death 
from plague in Mumbai (then in 
English called Bombay). 
Model assumes that population 
size is constant, so assumes 
separation of time scales. 



The asymptotic behavior 
is less important since it is 
simply that there are no 
deaths at the end of the 
epidemic



Peak 
deaths

Total 
deaths

Transients 
contain the key 
information



‘Linear transients’ are important 
for marine protected areas

Max increase: 

M = natural mortality rate;
F = fishing harvest rate

Time scale of filling in:  e –M
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‘Filling in’ the age distribution is the first response to MPAs

Models can show how abundance will change: How much and when
Adaptive management of MPAs: Theory

White et al. (2013) Conservation Letters



So even ‘density independent’ 
transients are important, but of 
course more complex with density 
dependence



“Simple” model 
with very long 
transients –
high dimension 
due to space

D = 800

Local production of larvae

Movement of larvae by dispersal, finite 
habitat

Dispersal kernel

l(t, y) = N(t,y) exp (r(1-N(t,y)))



Plot of overall 
numbers vs time 
shows long transients

D = 800

Local production of larvae

Movement of larvae by dispersal, finite 
habitat

Dispersal kernel
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plots for increasing values of r down the slide 



Time scale over which two 
weakly coupled oscillators 
(predator prey systems with 
low dispersal rates) 
synchronize can be long

Dashed line is patch one, solid 
line is patch two



Examples show importance of 
transients, but can we make studies 
of transients systematic for nonlinear 
systems?
• What are the characteristics of ecological systems 

that we would expect would produce transients?

• Important for understanding experiments and 
management (often done on relatively short time 
scales)
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Use ideas from dynamical systems 
to classify long transients
• Show when they will arise



What do we mean by “long transients”?

• Transient: dynamics that occur when a 

system is not at equilibrium

• Equilibrium: an asymptotic state (point, 

limit cycle, chaos); a system at this state 

will stay there indefinitely unless 

perturbed

• Long transient: a transient that lasts “longer 

than you’d think”

• roughly, dozens of generations or more

• long enough that it really looks like 

asymptotic behavior
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Empirical 
examples show 
that transients 
in fact are 
widespread in 
natural (and 
experimental) 
systems



Spruce budworm [dots] has a 
much faster generation time than 
its host tree, resulting in 
extended periods of low 
budworm density interrupted by 
outbreaks.

Data from NERC Centre for 
Population Biology, Imperial 
College, Global Population 
Dynamics Database (1999)

Model [blue] from D. Ludwig, D. 
D. Jones, C. S. Holling, Qualitative 
analysisof insect outbreak 
systems: The spruce budworm
and forest. J. Anim. Ecol. 47, 315–
332 (1978).



Dynamical systems ideas can help 
to ‘classify’ transients
• Ghost attractor



Illustration of ghost attractor in 3 
species food chain(3 ODE’s)



Predator-Prey dynamics

• dH/dt = rH(1-H) – f(H)P

• dP/dt = cf(H) – P

• Illustrate with phase planes



No transients for 
this predator prey  
dynamic as 
illustrated in a 
phase plane





This one has a crawl-by –
it gets close to the 
saddles





Multiple-time scale 
dynamics lead to transients





For each type of transient we 
have an empirical example



From Francis et 
al., Nature Ecol. 
and Evol. 2021

Need to recognize transients 
for effective management



Cannot overemphasize how 
important this is for management 
• 1) Coral-algal-grazer

• 2) Lake eutrophication

• 3) Lake system



But what about stochasticity?

• Simple guess – (almost) everything I said was in the 
context of deterministic systems, so stochasticity 
means that transients of more mathematical than 
biological importance?



But what about stochasticity?

• Simple guess – (almost) everything I said was in the 
context of deterministic systems, so stochasticity 
means that transients of more mathematical than 
biological importance?

• Much more complex than that!

• Hastings et al., 2021 (submitted)



Two simple examples give hints 
about possibilities
• First, think of salmon, where almost all individuals 

reproduce the same year

• Start with almost all individuals in the same (single) 
year class

• The system will slowly approach a stable age 
distribution



Two simple examples give hints 
about possibilities
• First, think of salmon, where almost all individuals 

reproduce the same year

• Start with almost all individuals in the same (single) 
year class

• The system will slowly approach a stable age 
distribution

• But with stochasticity this will happen faster – so 
stochasticity reduces the length of a transient



Second example is a simpler 
version of one we have seen
• Think of a predator prey system where 

deterministically, the system (slowly) approaches a 
stable equilibrium in an oscillatory fashion.

• Then, add environmental stochasticity to the 
system -- as shown long ago by Gurney and Nisbet, 
the system will look exactly like one with 
deterministic cycles, essentially an arbitrarily long 
transient.  



Effect of stochasticity can depend 
on level of stochasticity

• Look at simplest bistable ecological system – single 
species with Allee effect

•
𝑑𝑥

𝑑𝑡
= 𝑥 𝑥 − 0.3 1 − 𝑥 + 0.01

• Scaled population size, small immigration term 
prevents extinctions

• Deterministic system has two equilibria near 0 and 
near 1 
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Small stochastic effect is like 
deterministic system
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Intermediate stochastic 
effect is produces transients
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Large stochastic effect is 
just noise



“Excitable systems” show another 
effect of noise level
• Example is predator-prey model with Holling type 3 

systems



Stochasticity can produce a long transient 
(predator-prey model with Holling type 3)

Small noise Intermediate noise Large noise
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Stochasticity can produce a long transient 
(predator-prey model with Holling type 3)

Small noise Intermediate noise Large noise



Many more complex interactions 
possible
• Role of chaotic invariant sets that are no longer 

attractors

• Other forms of noise (flow-kick) that would include 
correlation



Clearly stochasticity and transients 
play a role in managment



Grazing a key driver for corals

Corals

Macroalgae

Turf

Use mean field model



• Transient dynamics can mask reef resilience by 
trapping the system in a state with low recovery 
rate. 

Transient dynamics mask the resilience of coral reefs (submitted)

Karlo Hock1,2*, Alan Hastings3, Christopher Doropoulos4, Russell C. 
Babcock4, Juan C. Ortiz5, Angus Thompson5, Peter J. Mumby1,2



Continuing challenge is to develop an 
understanding of ecological dynamcis
on realistic time scales

Simple model that is 
deterministic and has no 
explicit dependence of 
parameters on time

Stable equilibrium
“Natural” 
ecological system



• Real world dynamics fall into the two regions with 
the red stars, where deterministic and stochastic 
processes interact. 

• DLT = deterministic long transient (i.e. a long 
transient that exists in the deterministic part of 
the dynamics); DST = deterministic short transient. 
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